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Abs t r ac t  
We consider a system described by the Euler-Bernoulli 
beam equation in a hounded domain with appropriate 
boundary conditions. To stabilize the system, we p r e  
pose a dynamic boundary controller applied at the free 
end of the system. We show that with the proposed 
controller, the closed-loop system is asymptotically sta- 
ble. Moreover, we consider the case in which the output 
of the controller is corrupted by disturbance. 
K e y  Words : Distributed Parameter Systems, Stahil- 
ity, Disturbance Rejection. 
1 Introduction 
In this note, we consider a linear time-invariant sys- 
tem which is represented by one dimensional Euler- 
Bernoulli beam equation in a bounded domain. We 
assume that the system is clamped at  one end and the 
boundary control input is applied at the other end. 
For this system, we propose a finite dimensional dy- 
nomic boundary controller. The transfer function of 
the controller is a proper rational function of the com- 
plex variable s, and may contain a single pole at s = 0 
and another one s = jw , ,  w1 # 0, provided that the 
residues corresponding to these poles are nonnegative; 
the rest of the transfer function is required to be a 
strictly positive real function. We then show that if w1 
does not belong to  a countable set then the closed loop 
system is asymptotically stable. We also consider the 
case where the output of the controller is corrupted by 
disturbance. We show that if the structure of the dis- 
turbance is known (i.e. the frequency spectrum), then 
it may be possible to choose the controller accordingly 
to  attenuate the effect of the disturbance at the system 
output. 
2 Problem Statement 
We consider a flexible beam clamped at one end and 
is free at  the other end. Without loss of generality, 
we assume that the beam length, mass density and the 
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flexural rigidity have unit values. We denote the dis- 
placement of the beam hy U(Z, t )  at 5 E (0,l)  and t 1 0. 
The beam is clamped at one end and is controlled by a 
boundary control force at the other end. The equations 
are given as (see 121) 
U t t  + uzzzz = 0 , U ( 0 , t )  = U.(O,t)  = 0 (1) 
UZZ(1,t) = 0 7 &.(l,t) = f(t) (2) 
where a subscript, as in ut denotes a partial differential 
with respect t o  the corresponding variable, and f ( t )  is 
the boundary control force applied at the free end of 
the beam. 
We assume that f ( t )  is generated by the following con- 
troller 
ii = AZI + but(l,t),fz = -W 151 + ut(L t )  (3) 
51 = ~ 1 ~ 2 ,  f(t) = + d U t ( l , t ) + k u ( l ,  t ) + k l z z  (4) 
where zi E R" is the controller state, A E RnX" is a 
constant matrix, b, c E R" are constant column vectors, 
d ,  k ,  k ,  are positive constants, and the superscript T 
denotes transpose. If we take the Laplace transform, 
then the controller transfer function g(s) between its 
input u t ( l , t )  and output f ( t )  may be found as 
where g,(s) = c T ( s l  - A)-'b + d .  We make the fol- 
lowing assumptions concerning the actuator given by 
(3)-(4) thoroughout this work : 
Assumption 1 : A is Hurwitz stable, and the triple 
( A ,  b, c) is minimal. 
Assumpt ion  2 : d 2 0, k 2 0, kl 1 0; moreover there 
exists a constant y, d 1 y > 0, such that the following 
holds : 
d + R e { c T ( j w l  - A)-'b} > y , w E R , (6) 
Moreover for d > 0, we assume y > 0 as well. 
3 Stabili ty Resu l t s  
To analyze the system given by (1)-(4), we define the 
function space R as follows : z = (U U 21 21 Z Z )  T 
' H : = { z ~ u E H ~ , u E H ~ , ~ I E R " ,  z i , z z E R , }  , (7) 
for the definition of various spaces, see e.g. [2]-[3]. 
Then, the system given by (1)-(4) can be written in 
the following abstract form : 
i = L z  , r (0)  € R  , (8)  
where z = ( U  ut 21 z1 ZZ)' E R, and the operator 
L : 'H 4 31 is a linear unbounded operator. Our main 
result is the following : 
Theorem 1 : Consider the system given by (8) 
i : The operator L generates a CO-semigroup of con- 
tractions T ( t )  in 'H, (for the terminology of semigroup 
theory, the reader is referred to  e.g. [l]). 
ii : If w = WI is not one of the roots of the following 
transcendental equation 
coshrs ins-s inhTcosT=O , T = &  , (9) 
then the semigroup T ( t )  generated by L is asymptoti- 
cally stable, that is all solutions of (8) asymptotically 
converge to zero. 
iii : If y > 0, (see (6)), then the semigroup T ( t )  is 
exponentially stable. 
P r o o f  : The proof of this theorem requires some 
lenghty calculations and is omitted here due to space 
limitations. 0 
4 Disturbance Rejection 
In this section we show the effect of the proposed con- 
trol law given by (3)-(4) on the solutions of the system 
given by (1)-(Z), when the output of the controller is 
corrupted by a disturbance d ( t ) ,  that is (4) has the 
following form : 
f ( t )  = cTzi + dut(1, t )  + kU(1, t )  + kizz + d ( t )  (10) 
or equivalently we have i ( s )  = g(s)&(l , s )  + d(s) .  By 
taking the Laplace transform of (1)-(2) and using zero 
initial conditions, after some straightforward calcula- 
tions we obtain iLt(l,s) = -Gl(s)f(s) where 
s(cosh T sin 7 - sinh T cos T )  
r3 (1 + cosh T cos T) , (11) GI = 
and s2 = - T ~ .  By using (11) we obtain : 
3859 
From (12) we can also derive a procedure to design g(s )  
if we know the structure of d ( t ) .  For example if d ( t )  has 
a band-limited frequency spectrum, (i.e. has frequency 
components in an interval of frequencies [OI, OZ]), then 
we can choose g(s) to minimize 
Note that to ensure the stability of the closed-loop sys- 
tem, g1(s) should he a strictly positive real function 
as well, (see (5)). As a simple example, assume that 
d( t )  = acoswo( t ) .  Then we may choose g(s) in the 
form (5) with w1 = wo. Provided that the assumptions 
1-2 are satisfied and that j w ~  is not a zero of GI (s), the 
closed-loop system is asymptotically stable, (see T h o  
orem 1). Moreover, if kz > 0, then c(w) given above 
satisfies c(w0) = 0. From (13) we may conclude that 
this eliminates the effect of the disturbance at the out- 
put ut (1 , t ) .  For an application of the ideas presented 
here to the wave equation, see [3], [4]. 
5 Conclusion 
In this note, we considered a linear time-invariant sys- 
tem which is represented by one dimensional Euler- 
Bernoulli beam equation in a bounded domain. We as- 
sumed that the system is clamped at one end and the 
boundary control force input is applied at  the other 
end. For this system, we proposed a finite dimensional 
dynamic boundary controller. We then proved that the 
closed-loop system is asymptotically stable under cer- 
tain conditions. We also studied the case where the 
output of the controller is corrupted by a disturbance. 
We showed that,  if the frequency spectrum of the dis- 
turbance is known, then by choosing the controller ap- 
propriately we can obtain better disturbance rejection. 
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